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SUMMARY 
A discrete-vortex model i s -  developed t o  account for the hazardous e f fec ts  
of the vortex t ra i l  issued from the edges of separation of a large leading w i n g  
on a small t r a i l i n g  wing. The model i s  divided i n t o  three main parts:  the lead- 
i n g  wing and i t s  near wake, the near and f a r  wakes o f  the leading w i n g ,  and the 
t r a i l i ng  wing  and the portion of the f a r  wake in i t s  v i c i n i t y .  The problem  of 
the leading wing and i t s  wake i s  solved by a nonlinear vortex-lattice technique 
which accounts for tip separation and the shape of the wake i n  the near and 
f a r  f i e lds .  The t r a i l i n g  w i n g  i s  represented by a conventional  horseshoe- 
vortex la t t ice  in  which the t ip  separat ion and the shape o f  the wake a r e  ne- 
glected. The solution i s  effected by i te ra t ion  in  a step-by-step  approach. 
The normal-force, pitching-moment, and ro l l  ing-moment coeff ic ients  for  the 
t r a i l i ng  w i n g  are  calculated.  The circulat ion d i s t r i b u t i o n  in the vor tex  t ra i l  
is  calculated in the f i r s t  part of the model where the leading wing i s  f a r  up- 
stream and hence i s  considered  isolated. A numerical  example i s  solved t o  
demonstrate the feasibil i ty of using this method to study interference between 
a i r c ra f t .  The numerical r e su l t s  show the zorrect  trends: The following wing 
experiences a loss i n  l i f t  between the wing-tip vortex systems of the leading 
wing, a gain outside this region, and strong roll ing moments which can change- 
sign as the lateral relative position changes. All the resul ts  are  s t rongly de- 
pendent on  the ver t ical  re la t ive posi t ion.  
INTRODUCTION 
In recent years, there has been  a s ignif icant  increase in  the use of wide- 
body  and jumbo j e t s  f o r  c i v i l  a i r  t r a n s p o r t s .  The vortex trail  associated with 
flying these heavy je ts  has h i g h  in tens i ty  and hence presents a serious hazard 
to small a i r c r a f t  which enter this  wake.  Such  a vortex  encounter.may  produce 
high ro l l ing  moments on the t r a i l i n g  a i r c r a f t  which could exceed the capabi l i ty  
of the roll-control devices. In addition, the t r a i l i n g  a i r c r a f t  could suffer 
a loss  of  a l t i tude or  c l imb rate  and s t ructural  damage. The vortex t r a i l s  may 
persist u p  t o  several miles and fo r  long periods of time before they decay and 
diss ipate  by the action o f  atmospheric and viscous effects.  T h u s ,  they play a 
major factor in sequencing landing and take-off operations a t  a i r p o r t s  where 
heavy and l i g h t  aircraft are operating near each other (reference 1). 
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The vortices  emanating from the wing  tips of the leading  aircraft  roll  up 
in the vicinity of the wing tips  forming  two  helical-like  cones of contra- 
rotating  vortex  cores. The strength of the  vortex  cores  grows  downstream  from 
the  leading edge up to  the trailing  edge. At the  trailing  edge,  another  wake 
emanates  which  has an increasing  strength in the  spanwise  direction toward the 
wing  tips  (references 2-4). In the near  wake  beyond the trailing edge,  the  roll- 
up process  continues  and  the  strength of the  trailing  vortex  grows  due  to the
wake  shed from  the  trailing edge. In the far wake,  the  core of the  trailing 
vortex  system  increases  and  the  vorticity  decays  with  distance.  When  an air- 
craft  originally  with  symmetric  flow  penetrates  the wak , its  freestream  is  no 
longer  uniform;  the flow may be asymmetric,  depending on the  aircraft  posi- 
tion  and  orientation  relative  to  this  wake. In reference 5, three  modes of 
penetration  were  reported.  These  modes,  which are shown in figure 1 ,  are called 
cross-track  penetration,  along-track  penetration  between  vortices,  and  along- 
track  penetration  through  the  vortex  center.  Among  these  modes of penetration, 
it was  shown  that  the  third one is  the  most  dangerous due to  the  rolling  motion 
induced by the  wake on the trailing  airplane.  This was calculated  from  an un- 
steady  model of the  trailing  vortices in which  vortex  motion  and  decay  were con- 
sidered  according to  a two-dimensional  model.  Two  equations  based on a  viscous 
vortex  model were  derived  to  calculate  the  change i  1 ift  and  rolling-moment 
coefficients of the  trailing  aircraft wing from  the  undisturbed  equilibrium 
flight  condition (reference 6). In reference 7, a method  was  presented  for  pre- 
dicting  the  geometry  and  the  velocity  field of a  trailing  vortex of an  aircraft. 
The method  is  based on flight  testing, model testing, and a solution of the 
Navier-Stokes  equation  for  a  two-dimensional  axisymmetric  flow.  The  results 
showed  that  the  maximum  tangential  velocity in the  core of the  trailing  vortex 
decreases  with  distance  downstream o f  the  generating  aircraft.  For  large dis- 
tances  behind  the aircraft,  the  decrease in this  velocity  was  found to  be in- 
versely  proporttonal  to the square  root o f  the dl'stance. Moreover,  the  maximum 
tangential  velocity  and the  corresponding  core  radius  were  found to  be indepen- 
dent of the  aircraft  velocity. 
DESCRIPTION OF THE PRESENT  MODEL 
In the  present  paper, we consider  the  three-dimensional flow to  be steady, 
inviscid  and  irrotational  everywhere  except  on  the  vortex  lines  which  represent 
the  wings  and  their  wakes.  This  model  was  successfully  applied  to a short- 
coupled  wing-wi ng configuration  with  delta  planforms  and 1 eading-edge  separa- 
tions  (reference 2). The full interaction  between  the  wings  and  their  wakes was 
considered,  the  shape of the  wakes  was  determined,  and  the  aerodynamic  loads 
were  calculated.  It  was  found  that  when  the  trailing wing is at a  distance 
equal  to or larger  than  one-half  the  root  chord of the  leading wing, as measur- 
ed from  the  trailing  edge of the leading  wing to  the  nose of the trailing wing, 
the  aerodynamic  loads of the  leading wing are practically  unaffected by the 
presence of the  trailing wing. This  leads  to  the  conclusion  that in the case 
of long-coupled  wing-wing  configurations or in the  case of a trailing aircraft 
penetrating the  wake of the  leading  aircraft,  the  model of the  aerodynamic in- 
teraction  can  be  simplified  without  any  appreciable  error  in  predicting  the 
aerodynamic  characteristics.  This  suggests  modeling  the  flow  fjeld  in  the 
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f o l l ow ing  th ree  s teps :  I n  t h e  f i r s t  step, we cons ider  the  lead ing  w ing  and i t s  
t r a i l i n g  v o r t e x  system as an isolated aerodynamic problem simi lar  to the one 
i n  references 2 and 3. I n  t h i s  s t e p ,  t h e  shape o f  t h e  wake i s  determined  as 
p a r t  o f  t h e  s o l u t i o n  up t o  a d i s t a n c e  o f  two chords beyond t h e  t r a i l i n g  edge. 
The r e s t  o f  t h e  wake beyond t h i s  d i s t a n c e  i s  c o n s i d e r e d  t o  be p a r a l l e l  t o  t h e  
f rees t ream ve loc i t y .  The c i r c u l a t i o n  d i s t r i b u t i o n  i n  t h e  wake i s  a l s o  f o u n d  
f r o m  t h i s  s t e p  and kep t  t he  same through the next  two s teps. .  I n  t h e  second step, 
we c o n s i d e r  t h e  i n t e r a c t i o n  between the near  wake represented by the two chords 
beyond t h e   t r a i l i n g  edge and t h e  r e s t  o f  t h e  f a r  wake i n  a step-by-step tech- 
nique,  marching  downstream i n  each  step. I n  t h i s  way, t he  wake o f  t h e  l e a d i n g  
wing can be carried downstream t o  any  d i s tance  un t i l  it e n c o u n t e r s  t h e  t r a i l i n g  
wing. I n  t h e  t h i r d  s t e p ,  we l e t  t h e  t r a i l i n g  w i n g  i n t e r a c t  w i t h  t h e  v o r t e x  
t r a i l  o f  t h e  l e a d i n g  w i n g  o v e r  a c e r t a i n  d i s t a n c e  d e t e r m i n e d  b y  t h e  r a t i o  o f  t h e  
r o o t  c h o r d  o f  t h e  l e a d i n g  w i n g  t o  t h a t  o f  t h e  t r a i l i n g  w i n g .  Here, t h e  t r a i l i n g  
wing may encounter a symmetric o r  an asymmetric flow, depending on i t s   p o s i t i o n  
and o r i e n t a t i o n  w i t h  r e s p e c t  t o  t h e  v o r t e x  t r a i l .  I n  the present  s tudy,  we con- 
s ide red  the  a long - t rac t  pene t ra t i on  mode, i nc lud ing  pene t ra t i ons  between the  
vor t ices,  through the vor tex center ,and outs ide the vor t ices.  
A l though the present  model  does no t  accoun t  fo r  t he  g rowth  o f  t he  vo r tex  
core and the vortex decay, i t  represents a r e a l i s t i c  approach for the three- 
d imens iona l  inv isc id  so lu t ion  wh ich  may be c o n s i d e r e d  f o r  f u r t h e r  m o d i f i c a t i o n s  
t o  a c c o u n t  f o r  t h e  v i s c o u s  e f f e c t s  and the f low unsteadiness as wel l .  
THE METHOD OF SOLUTION 
The present  model c o n s i s t s  o f  t h r e e  main parts.  The f i r s t  p a r t  i n c l u d e s  
the leading wing and i t s  near wake, the  second pa r t  i nc ludes  the  near  and f a r  
wakes, and t h e  t h i r d  p a r t  i n c l u d e s  t h e  t r a i l i n g  w i n g  and t h e  p o r t i o n  o f  t h e  f a r  
wake i n  i t s  v i c i n i t y .  
I n  t h e  f i r s t  p a r t ,  we imagine the leading wing and i t s  wake t o  be a vo r tex  
sheet, and we use a s e r i e s  o f  d i s c r e t e  v o r t e x  l i n e s  t o  r e p r e s e n t  t h e s e  s h e e t s .  
F o r  t h e  l i f t i n g . s u r f a c e ,  t h e s e  l i n e s  f o r m  a l a t t i c e ;  w h i l e  f o r  t h e  wake, they 
are  non in te rsec t ing .  The segments c o n n e c t i n g  t h e  p o i n t s  o f  i n t e r s e c t i o n  i n  t h e  
l a t t i c e  a r e  s t r a i g h t .  Each l i n e  r e p r e s e n t i n g  t h e  wake i s  composed o f  a se r ies  
o f  s h o r t  s t r a i g h t  segments  and  one f i n a l ,  s e m i - i n f i n i t e  segment. The s h o r t  
s t r a i g h t  segments are  used i n  two chord  lengths  beyond the  t ra i l ing  edge. A l -  
t o g e t h e r  t h e  f i n i t e  segments a r e  used f o r  t h r e e  c h o r d  l e n g t h s ,  because the  
l i f t i n g  s u r f a c e  i t s e l f  i s  i n c l u d e d .  
Associated with each element of  area i n   t h e   l a t t i c e  and w i t h  each f i n i t e  
segment i n  t h e  wake i s  a contro l  po int .  For  the e lements of  area,  the contro l  
p o i n t  i s  t h e  a v e r a g e  o f  t h e  f o u r  c o r n e r s ;  f o r  t h e  f i n i t e  segments i n  t h e  wake, 
t h e  c o n t r o l  p o i n t  i s  t h e  u p s t r e a m  end. 
The d i s tu rbance  ve loc i t y  genera ted  by  the  d i sc re te  vo r tex  segments i s   c a l -  
cu la ted   accord ing   to   the   B io t -Savar t   law.  Thus, t h e  t o t a l  v e l o c i t y  f i e l d ,  w h i c h  
i s  composed o f  t h e  f r e e s t r e a m  and t h e  d i s t u r b a n c e ,  s a t i s f i e s  t h e  c o n t i n u i t y  
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equat ion  fo r  incompress ib le  f lows.  The c i r c u l a t i o n s  a r o u n d  each vo r tex  segment 
and t h e  p o s i t i o n s  o f  t h e  f i n i t e  segments i n   t h e  wake must be determined so t h a t  
s imultaneously the normal component o f  t h e  t o t a l  v e l o c i t y  v a n i s h e s  a t  each con- 
t r o l  p o i n t  on t h e  l a t t i c e ,  c i r c u l a t i o n  i s  s p a t i a l l y  conserved, and each f i n i t e  
segment i n  t h e  wake i s  f o r c e - f r e e  (when t h e  f i n i t e  segments a r e  a l i g n e d  w i t h  
t h e  t o t a l  v e l o c i t y  a t  t h e i r  c o n t r o l  p o i n t s ,  t h e y  a r e  p r a c t i c a l l y  f o r c e - f r e e ) .  
To e f f e c t  t h i s ,  we u s e  t h e  i t e r a t i o n  scheme g iven i n  references 2-4. The r e -  
s u l t s  o f  t h i s  s t e p  a r e  t h e  shape o f   t h e  wakes emanat ing f rom the wing t ips and 
t r a i l i n g  edge as w e l l  a s  t h e  c i r c u l a t i o n  d i s t r i b u t i o n .  I n  t h i s  p a r t ,  t h e  p o s i -  
t i o n s  and s t r e n g t h s  o f  t h e  f i n i t e  segments i n  o n l y  two chord lengths behind 
t h e  t r a i l i n g  edge a r e  o f  i n t e r e s t .  
The f a c t  t h a t  t h e  d i s t u r b a n c e  d i e s  o u t  r a p i d l y  i n  the  ups t ream d i rec t ion  
i s  t h e  b a s i s  f o r  t h e  scheme used t o  de te rm ine  the  pos i t i on  o f  t he  wake a t  l a r g e  
d is tances behind the leading wing i n  t h e  second p a r t  o f  t h e  model. It i s  
e s s e n t i a l  t h a t  t h i s  p o s i t i o n  be  de termined be fore  the  t ra i l ing  w ing  is  con-  
s i d e r e d  i n  t h e  t h i r d  p a r t  o f  t h e  model. To e f f e c t  t h i s ,  we move downstream i n  
s t e p s ,  c o n s i d e r i n g  t h r e e  c h o r d  l e n g t h s  o f  f i n i t e  segments a t  a time, and i t e r -  
a t i n g  t o  a l i g n  o n l y  t h e  segments i n   t h e  two downstream chord lengths with the 
t o t a l  v e l o c i t y .  A t  each  step,  one  chord  length o f  f i n i t e  segments i s  added 
downstream  and  one i s  removed upstream. The r e s u l t  i s  t h e  p o s i t i o n s  o f  t h e  f i -  
n i t e  segments i n  bo th  the  near  and fa r  wakes. The presence o f  t h e  t r a i l i n g  
w ing  d is tu rbs  the  wake f rom the  lead ing  w ing ,  bu t  th is  d is tu rbance d ies  o u t  
r a p i d l y  i n  t h e  u p s t r e a m  d i r e c t i o n  ( r e f e r e n c e  2). Thus, f o r  t h e  t h i r d  p a r t  o f  
t he  mode l ,  on l y  those  f i n i t e  segments i n  two c h o r d  l e n g t h s  i n  t h e  v i c i n i t y  o f  
t h e  t r a i l i n g  w i n g  a r e  o f  i n t e r e s t .  
I n  t h e  t h i r d  p a r t  o f  t h e  m o d e l ,  t h e  t r a i l i n g  w i n g  i s  a convent ional  large-  
aspect wing, and hence one c a n  p r e d i c t  i t s  t o t a l  l o a d s  q u i t e  a c c u r a t e l y  b y  s i m -  
p l y  t a k i n g  t h e  v o r t e x  l i n e s  i n  i t s  wake t o  be s t r a i g h t  and ignor ing the wing- 
t i p  v o r t e x  system. A number o f  horseshoe-vortex  methods  have been based on 
these  s imp l i f i ca t ions ;   e .g .   re fe rences  8-9. Obvious ly ,   these  s impl i f icat ions 
cannot be used when one wants $ to  de te rm ine  the  d i s t r i bu ted  l oads  o r  a model o f  
the  wake. 
To de te rm ine  the  c i r cu la t i on  on t h e  t r a i l i n g  wing, we use the  fo l low ing  
procedure.  F i rs t ,  we se lec t  anchor  po in ts  on  each  vortex l i n e  t r a i l i n g  f r o m  
the  lead ing  w ing  wh ich  are  ups t ream f rom the  t ra i l ing  w ing  and o u t   o f   i t s  
reg ion  o f  in f luence.  Then, we u s e  t h e  u n d i s t u r b e d  p o s i t i o n  o f  t h e  v o r t e x  l i n e s  
f rom the leading wing as a guess f o r  t h e i r  p o s i t i o n  n e a r  t h e  t r a i l i n g  w i n g  and 
de te rm ine   t he   c i r cu la t i ons  on it. Second, we c a l c u l a t e  t h e  t o t a l  v e l o c i t y  
f i e l d  and, s t a r t i n g  a t  t h e  a n c h o r  p o i n t s ,  a l i g n  each f i n i t e  segment i n  t h e  l i n e s  
f r o m  t h e  l e a d i n g  w i n g  w i t h  t h e  t o t a l  v e l o c i t y  a t  i t s  c o n t r o l  p o i n t .  Then t h i s  
p o s i t i o n  o f  t h e  wake i s  used as the new guess  and the procedure i s  repeated un- 
til the pos i t ion converges.  
The l o a d s  o n  t h e  t r a i l i n g  w i n g  a r e  t h e n  c a l c u l a t e d  b y  summing the  fo rces  
a c t i n g  on the  vo r tex  segments  and t h e i r  moments. I n  c o n t r a s t  w i t h  t h e  conven- 
t iona l  horseshoe- la t t i ce  mode l ,  here  there  are  s ign i f i can t  fo rces  on the  l egs  
of the horseshoe elements between the spanwise segments  and t h e  t r a i l i n g  edge 
wh ich  a re  p roduced  by  the  c ross  f l ow  induced  by  the  vo r t i c i t y  i n  the  wake of 
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the' leading wing;  these forces have been included. Many more d e t a i l s  of the 
i te ra t ing  scheme and many references related to the various models of the flow 
f i e l d  and to experimental investigations of single wings a r e  given i n  references 
2 and 3 .  
NUMERICAL EXAMPLE 
The  method of solution outlined i n  the preceding section i s  implemented 
through three computer codes; each corresponds t o  one of the three parts of the 
model. In f igure 2 ,  we show a t yp ica l  so lu t ion  fo r  t he  f i r s t  two par ts  of the 
model. This includes the leading wing  and the computed vortex l ines represent- 
ing  i t s  near and f a r  wakes. The t r a i l i n g  wing i s  a l s o  shown. The drawing is  
t o  scale.  The portion of the  fa r  wake i n  the  vicini ty  of t he  t r a i l i ng  wing i s  
t h e  f i r s t  guess for the solution of the third part .  The aspec t  ra t io  of the 
leading wing ( / X R )  i s  seven; i t   i s  tapered, the sweep-back angle of the leading 
edge  being  twenty  degrees and t h a t  of  the t ra i l ing edge being ten degrees. The 
t r a i l i n g  wing  i s  r ec t angu la r ;  i t s  a spec t  r a t io  (A? t )  i s  s ix .  The root chord  of 
the leading wing ( c ~ ) ~  i s  t h r e e  times tha t  of t he  t r a i l i ng  wing ( c ~ ) ~ .  The
coordinates ( X o , Y o , Z o )  give the relative posit ion of t he  t r a i l i ng  w i n g .  For 
all  the results presented below, the angle of attack i s  ten degrees for both 
wings and Xo/(cr)R i s  9.25. 
In  f igure 3 ,  we show the influence of the normal separation Yo/(cr,)a on 
the normal - force coeff ic ients  (C,)  for four values of the la teral  separat ion 
(Zo/cr),. The corresponding  curves  of  the pitching-moment (Cmz) and rol l ing-  
moment ( C m x )  coeff ic ients  are  shown in  figures 4 and 5 ,  respectively.  The re- 
su l t s  show t h a t  the load coefficients are very strongly dependent on the normal 
and lateral  separations between the  t ra i l ing  and leading  wings. The  maximum in- 
crease and the minimum decrease in the load coefficients occur when the  t ra i l ing  
w i n g  i s  one t o  two chord lengths above the leading w i n g .  This  range  includes 
the  core of the  vor tex  t ra i l .  In the  la te ra l  d i rec t ion ,  the  vor tex  core  i s  lo -  
cated between two and three chord lengths from the plane o f  symmetry of the 
leading wing. When the  t r a i l i ng  wing executes along-track penetration between 
the vortex cores, i t  suf fe rs  a l o s s  i n  l i f t  due t o  the downwash generated by 
the  contra-rotating  vortex  cores. On increasing  the  lateral   separation,  the 
wing gains l i f t  as i t  passes outside the vortex cores. The  same trend occurs 
in  the pitching-moment coef f ic ien ts .  B u t ,  the  rolling-moment  coefficient changes 
from a posit ive value to a negative one (figure 6). These e f f ec t s  can cause a 
serious hazard t o  t he  t r a i l i ng  a i r c ra f t .  
The anomalies i n  the region near Z o  = 0 a re  probably due t o  round-off 
errors  caused by  some vortex segments gett ing very close to a control point. 
These can be eliminated i n  a number of ways: e .g . ,  one can multiply the velo- 
city predicted by the Biot-Savart law by a pseudo-viscous term which renders 
the velocity zero on the vortex 1 ine and nearly equal to  that  predicted by the 
r 
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Biot-Savart law a short  distance away ( r e f .  l o ) ,  or  one can p u t  a "rigid-body" 
finite core along the vortex segment ( r e f .  11 ), or  one can use small lengths 
for the vortex segments so tha t  t he  r a t io  o f  the distance from the segment to 
the l e n g t h  o f  the segment i s  never smal 1 .  
The present results apparently show the correct trends and a r e  i n  qual i ta-  
t ive  agreement w i t h  the results of reference 6. 
CONCLUDING REMARKS 
We have demonstrated the feasibility of using a discrete-vortex method t o  
model aerodynamic interference.  Such a method has several   desirable  features.  
As a r e s u l t  of the way the wake from the leading wing i s  determined, one can 
predict the influence of the leading-wing planform on any t r a i l i n g  wing.  More- 
over, the method can be extended t o  include the tip-vortex system of  t h e  t r a i l -  
ing wing. The growth of the vortex core and vortex decay  can be accounted for  
by including a viscous core similar to that of reference 7.  Finally,  an u n -  
steady model, which takes into account the relative motion between the two wings ,  
can be developed by using the technique o f  reference 1 2 .  
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Figure 1.- Illustration of trailing vortex  wake and types of encounter 
(from  ref. 5): cross-track penetration (I), along-track penetration 
between vortices (2), and  along-track penetration through vortex 
center (3). 
Figure 2.- Typical  solution of the near and  far wakes of the leading 
wing. Angle of attack = loo; ARg, = 7; 4 X 8 lattice. 
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Figure 3 . -  Normal-force coefficient vs.  normal separation above the leading 
wing f o r   v a r i o u s  la teral  separat ions  Zo/(cr)a .   Xo/(cr)% = 9.25; 
ARE = 7 ;  ARt = 6 ;  ( c r )g / ( c r ) t  = 3 .  
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Figure 4 . -  Pitching-moment coeff ic ient  vs .  normal  separat ion above the 
lead ing  wing f o r  v a r i o u s  la teral  separations  Zo/(c,)a.  
XO/(cr)% = 9-25;  ARC = 7; ARt = 6 ;  (Cr )a / (Cr ) t  = 3. 
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Figure 5.- Rolling-moment c o e f f i c i e n t  vs. normal separation above the 
lead ing  wing f o r  v a r i o u s  l a t e r a l  s e p a r a t i o n s  Z o / ( c r ) R .  
Xo/(cr)g = 9 . 2 5 ;  tZRg = 7 ;  A R t  = 6 ;  (Cr)g/(Cr)t  = 3. 
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Figure 6 . -  Normal-force (C,), pitching-moment (C ), and  rolling-moment 
( ) c o e f f i c i e n t s  vs. la teral  separa t ion .  X 3 ( c r ) g  = 9.25; 
Y B c ~ ) ~  = 1; ARg = 7; A R t  = 6 ;  (Cr)g/(Cr) t  = 3.  
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